Moduli Set Perspective

We start with some objects and maps between them...



Moduli Set Perspective

We then define a notion of “ ” between these objects...
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Moduli Set Perspective

We “forget” all about maps...



and we also “forget” all the different ways in which things are

Modufi Jet = { \ 243 }
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But if we want to track objects are equivalent, then it’s better to go
back to:
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Definition: A groupoid is a category where every morphism is an isomorphism.



Groupoid = A bunch of objects/vertices. At each vertex,
the form a group. But we allow the
possibility move between vertices. All paths between
vertices are “two way streets”.
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Example: Sets
Startwithaset: X = { x,y,z,---}

Make a groupoid with set elements as objects.

O o ) etc.

AT Y7

and to each set element, attach a trivial-group’s-worth of arrows.
idx idy dz
) ) o
X Y 7

No way of traveling between vertices.

etc.



Example: Groups

Start with a group:
Make a groupoid with a single object:

To that object, attach the group G as its arrows.
id

()

We call this category the classifying groupoid BG of G.



Example: Finite Sets

Start with a finite sets as objects:
¢ {el {e.e}] {0 0]
1Y {1,2} {1.2 3}

Each set has a symmetric group’s number of automorphisms:

g (el {ee0} {00 @]
1Y {1,2} {1.2, 3}



Among each pairs of sets of the same size, we also have a symmetric group
of arrows.

{8} {e. o] {00 Q]

S I

1Y {1,2%} {t1.2 3}



Among each pairs of sets of the same size, we also have a symmetric group
of arrows.

{e} {e e} {®0 0] -

S TR

1Yy {1,2%} {1.2.3} .-

Notice we have Nl many isomorphism classes / connected components.



Example: Smooth Curves

Take “smooth connected projective genus g curves over € ” as objects.
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And make the maps between curves isomorphism of curves.



Example: Fundamental Groupoids

Let X be a topological space. e.q. R*-0 e T | ;
Choose the points in X to be your objects. o °l .

Add one arrow X Yy for each equivalence class of paths from x to y,
modulo homotopy. (%]
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The automorphisms of each point x forms the fundamental group '"'1(X,Xo) :
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Example: Projective Space 1

Start with lines in R™ as objects:
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To each line, add a trivial group as arrows.
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Example: Projective Space 2

Start with points in the punctured plane R™-{0} as objects.




Example: Projective Space 2

- A
For each pair of points X, -lj’ e R"™-0 , add a unique arrow X —>§

-

if 4=2x.




Example: Projective Space 2

The isomorphism classes form the “lines”.




Example: Moduli Groupoid of Orbits

Let G be a group acting on a set X. ~ X

Make the elements of X your objects.

ntl o :::::
X=m‘ —{O} e o Y o o

Add an arrow xi>5 if 9¢6 and Yy=9g'x .

N
®(4,6)
6=, A Notie Yx<X
L Aot () stabilizer subgp of x
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® (-6,-9)



Definition: Two groupoids C, D are equivalent if there’s a functor C 5D
between them such that:

(1) the assignment on objects  (2) for every fixed pair of objects, the
hits every isomorphism class assignment on morphisms is bijective.

VYeD: IXeC: FX 2Y VX.Ye(C : {X_,Y}J;,'{Fx_)[:‘f}

0 0 0
-
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Example: Projective Space 1 & 2 are equivalent




: Unlabelled Triangles

unfabeffed sides . modulo similarity.

Moduti set of +riangfes in R*, with
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We can artificially “add the iso/symmetries back in”.

isoceles A

degenerate 3
IR,
\ o Equilateral S3

O 2/272
1Sosceles A\

We get a moduli groupoid M"d :



Example: Labelled Triangles

M'?P = triangfes with colored sides,
modulo Similacity that matches colors

Do 4O 4

0 €a< bic
= (.b.C)I 0<b<atc and a+b+c=2 }

0O < ¢ & a.(.b 1
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® scalene
& isosceles
& cquilateral
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Again we can add isomorphisms to each point, based on the triangles symmetry.

A

® scalene
& isosceles
® equilateral

The corresponding moduli groupoid \M'ab has no way of traveling
between different vertices.



We can construct a moduli groupoid differently.

A I

PN

® scalene
& isosceles
® equilateral

The six portions each contain one triangle for each ratio a:b:c of side lengths.

The only reason why the six triangles with ratio a:b:c are different is because
the colors of the sides don’t match.



. . b : .
But we can define an S actionon M" by permuting the colors of the sides.

® scalene
& isosceles
® cquilateral

Switch Switch
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® scalene
& isosceles
® cquilateral




This new moduli groupoid M™/Ss is equivalent to M **




For a category G with object XeB , the
fuactor hy represented by X is:

i Hom ( Z, X)
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Lightning Example

We can recover a variety X over € from its functor of points.



£ = Functors( 6= Set)

Allows us to naturally embiggen our category and move to a new setting with
more arrows.

More arrows = more freedom to get places.

Two roads diverged in the woods...

Moral : but actually, | found a third road after
applying the Yoneda embedding...

but actually, it’s not really a “road”,
it’s more like a “trail”?



Once we abandon ( and move to Functors [ €% Set], we can’t “go back”
unless we know that the object/functor we are at is in the “image” of the
Yoneda embedding.

Definition

F
Afunctor 6 —Set is representable if it’s in the “image” of the
Yoneda embedding.

i.e. IXe6: F = hy.

I.€.

4

Y eC and natual isos. {FY =5 HomlY, X)} Yel

{ FY =5 Hom(X,Y) }YGC



Example

Jet CM Functors ( Set - Set)

\U
? N Set Set

X
£| -N*fl
Y Y

F=id is representable if.. .
3 A eSet and nat. isos :

|l?

Repnesen’rablc! = {*} one element set

m(@,X)



Example

ed
Top Joaet e Functors ( Top"= Set)

w
)| w> open sets functor O

Top — Set

(X,T) T
£ 4 Ts
(Y,t') T

G is tepresentaple if...

I eTop and nat. isos : = [cortinuous maps X —>[2] ]
Represenfable! ’l= @ o also represents the
closed opén

poirt pont closed sets functor



Example

d
Vect, S0, Functors ( Vect,— Set)

W
Nl > dual space functor

¥
Vet &5 Set

Vv V¥
T l N TT#
w w*

(-)¥ is fepresentable f...
T (A elect and nat. isos : V¥ S [l.inear Transfs V —>E| ]

Representable by K !



Example The {unctor (X,0x) = { (f,,~5a) | fie F(X,0)}

15 represented by affine n-space A"
For affine schemes Aff = Cﬂfﬂﬂ”.,.

F
The functor CRing —> Jet R —=R" ;s representable :
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[ﬂ,mj Homs |? —>K] > Kn
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Example The {unctor (X,0x) - inveriible fas. on X
is represented by Spec ZL x,x').

For affine schemes Aff = CRing™"

F x
The functr CRing —> Set AR — R™ is representable :
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[ﬂmg Homs |?] = R,] — R"
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