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PROBLEM : Find

/~ invariants of
3-manifolds

Techniquc S,

“nice" moves 4 J/
deformations TQFTs

q-com binatforics Cob—Vec,

Monoidal Categoes — ‘\\ @

State Sums

Tutaev-Vifo Jtate Jums /K

Baict-Westbury, §tate Jums
State Sums

with defect

Applications



What are state sums?



STATE SUMS

P.‘ck a set of labels colors

and weiqhts for the labels

@Deﬂne notion of ‘“nice' +n‘anale label

ws induces notion of ‘'nice' tetrahedron labef

~ induces notion of ‘'nice’ trianqulation lapel

@ Define a way o associate a g§calar

1o nicely labeled fetiahedra (65-symbot)

~> induces a Scalar associated to each

nice trangulation labelinj_

Turaev-Viro Barret- Westbury
J

T<R (simpIC) objects ¢ in cateqory
wieC:iel dim(i)
e.q. admissible
triples Cirjik) eq. use duals for the
reverse Ofrientations

itijtk €Z,
+rian3Ie inegualiﬁcs

liik
L mnn

e eEnA(JI)=C

géj ( '“Ze'f“) gl weight ( ff;éd)

edgcs

(
call 4his a(State



Turaev-Viro Barret- Westbury
J

@ Require the 6j-symbolS o satis{y axioms Certains choices with Choices work if cateqory
that wake them indepeadent under certain moves 9 - binomials A roots is  spherical , fuson , etc .
& triangulation changes. ot unily work )

Remark Basically all the work comes from finding examples that work A checking that —ﬂ,(ﬂ do work.

Obtain state sum by
Summing - ovel 3l possible states Z(M) = (ni,T;::ﬂ) Z ]Tél ( labdca) ]T weight l:::;d)

(i.c. all possible |3b€|i!\33) labels & edges

e.9. BW stafe sum (s

Z( ) (d G:ltvemas Z n 6\] H dim l:b:;r‘

labtlmj edﬂts



STATE SUM MODELS WITH DEFECT

Defect DeFect

D . . P
6 defect ‘“" Surfaces Areas
N

~—
manifold i °
> ..
Defect Defect
Lines

Vertices



B\‘ﬂ Idea : Extend labelinﬂs fo include smaller dim. defect manifolds .
Label using higher "dimensional " categorical data.

Z ’_'E‘:::- RCﬂiOﬂS A~ A 6 SPhen‘cal ‘fusfon catcgofg
¢ Oriented X

ks Dl e | Object of @ 2-cat

b Area

Line

F  Oriented . 7]
% Defect S~ 1’Mo{phism of a J-cat B”Y\OA ((gID)
Module cateqories

with trace

J Defect
H Vertex N~~~ | 2-morphisMh Of 3 cat.




BIMODULE TRACES

&% Tdea: Give M a tae wlp pivetality ,
6 "M D —C}
puotal  fiaite piotal 6 = {em : Eﬂd‘M_ (m) d: meum
fusion  gemigimple  Pusion 1 4
each endomorph gtts a number

ansying -
saistying cyclicity *  traces are  symmetric .
non-degeneqacy :  For meM simple , want ‘dim(m)":= trace (dm) + O

@ Q‘Compahble-' “’r(ace(c'>m) = +trace(m) +ace (c)» similarly for D
so that dim(cem)= dim(c) dim(m).

THEOREM  Bimod’(6,D) is a pivotal 2-cat.




MEUSBERGER STATE SuMm

S —_——.——-

Regions  a————~> ( spherical fusion category

OOt L Me Bimad®(6.D)
a 2-cat
Oneie Lmophism 4 Fod a (D) bivod: fonctor
Line of a Z-cat.
2- morphism cyclic equiv class of  (6,D)- bimodule
of 3 cat. nat. trangf. (e,g‘ FéGH )



Aside: Diagrams
Diagrams
Diagrams
Diagrams

NinAramMmeaoe



DIAGRAMS

/\/ regions = (bilmodule categs.
\/_\/lmes ace functors

\L K
. “}c/'\wemcrs = pat. transfs.
2-category diagrams W F: | )
. 8 P | - endife diagiam repregenis
for Bimod(6,D) /,R\\H L a 2-morphism
/ \
4 \

Layer 6,D, and Bimod®(6,D) diagrams
Miked Diagrams

C-diagiam Mixed diggram
for Bimod®(€,D) v

A E&
¢ )
/

Reinterpret as  Bimod°(6,0) diagiam using - c M5 M

1F M -

c’ MESLM




Bordered Diag(ams
for Bimod®(€)D)

snip
Sip

RBimod elel D)

M

m
é represents
ml
repecsents
represents.. -

TS

m  Xvarious ways
of “spreading
out’ all egual
by natyrality

J FB
FKm

J. FOm
Flm

l PLm
GHLm
J auy
GHp'

d 6o
64

J €

I

-

top

V= plofe

bottom



Polygon Diagrams T

|n take :
for  Pimod®(6,D) o evaluate : +race
saiP ‘. ' n l—':n

bordered endomorphism cyclic evaluation
diagram

o Relter invariants (e.q. using pivotalily to bend stings)
o Doesnt matler whert we cut .
o Just a numper!



PROJECTIONS & TNCLUSIONS

Tdea

Gluing
Tdentities

Pick nice bases for  Hom X,simple) 5 HOm( Simple , X)

to  show how polygon diagiams glue.

use

simple

i«=

(Gluing sides )

7. -

o ”n"N
N
N/ﬂ,

o-th inclusion X
Simple = X

X, B &, -+~ 40 index the bases

simple

(Glue arund 3 veﬁex)

Z.n‘o( dim (n) %

= N,>,..

o-th prjection
+0< = SimpleoX

(Glue a 2-qon)



Back to state sums



EXAMPLE UNKNOTTED 3-BALL W/ DEFECT SPHERE

A solid ball w| a hollow sphere
inside as defect,

‘ M No defect lines or vertices.

Assume the sphere is
unknotted | je. we can
PL Homeo 1o make #he

sphere a tetrahedron.




UNKNOTTED 3-BALL W/ DEFECT SPHERE

Two regions

@ one defect area

. nw defect lines
M € Bimod (C /D) no defect vertey

Defect surface




UNKNOTTED 3-BALL W/ DEFECT SPHERE

P. CK Rf& rght @
{
ﬂial\ﬂ“‘aﬁoﬂ bottom g back ;§§

(M,oM, T, D) M, oM, T) tetiahedra of triangulation

Orient



LABELING TRIANGULATIONS

Iabe] wl

simple Ty
£rom G / 6

&

<~

label with
simple from

M



UNKNOTTED 3-BALL W/ DEFECT SPHERE

fom G

fom M




Big Tdea: Pdding the defect manifolds labeling shwldnt
be t00 bad if 1he defect doesnt intersect
How 70 LABEL?

the 1/ian3ula+fan anywhere in’reresﬁng,,
|abel with
‘ functor M5
e.q. dont wang Qmam .
ce defect

—> use generic tansversal triangulations.

Any trianguiation can be perturbed to a generic + tiansversal one.

AZ|AL| &=




ASSIGNING HOM-SPACES To TRIANGLES

Modulo oricatations, all friangles
indersecting  defect ook like -

F
¢, man, M—N
Combine the fwo edgcs w| same difection
F
C?M ) n') M —DN
Apply Funclor 5o obgs ate in same place
F(cem) , n

"“The left one’ wit 1o defect normal is domain

f e
M

N Hom (F(eom), n)

left
right



Gj —ngbols

Draw dual graph
for edges 1hat dont
toych dff‘ect

Curve, ofient nicely
& poject 1o defect

S

¥




Label borders

! m P
M :: P F‘k
L «9\@/
N
n n
P P
FVNG
n

V(> < 5
‘{ 6

0] (&) = ev(P)




EXAMPLE UNKNOTTED 3-BALL W/ DEFECT SPHERE

n

P N—
‘ 4 V
"

ﬂ rotate
‘ K —

draw dval edges 9
for edges not i .
+ouchinj defect Cunie oneat

i i X

_—
(ot needed)

™M
project fo n P
defect 9 rotate
_— k i 5 &
9
m P v




EXAMPLE UNKNOTTED 3-BALL W/ DEFECT SPHERE

A wawa

BoTToM
~m

« p

R
P 9 n

Len/é/\ \<‘7/ ﬁé\mam

t BACK 3




STATE SuM w| DEFECT

‘Z’(Mlean,b) 1= .lT Hﬁ.m(c, Z Z n 6} ﬂ dim [(e))

fER veVr fi‘fit. I-lom(A) telet ecE
‘) 1 1 T
weight  Sum over 61 weights
3 all interna) ] ‘3
Iabelings

Sum over all choices of
projections + inclugions
for internal triangles

To make it wok with gluiag, change dim(G), dim I(e)) — Vdin(E,),\ dim ( LLe))

for boundarg points + edges. =;'_{or
L7 7 Tl 4 Teater™
1 im ( L(e)
Z(Mllau' b) :]l ;[:.‘Er dim (Gr ) Li:Qel.  Hom(A:) +eTet J ecE



UNKNOTTED 3-BALL W/ DEFECT SPHERE

E (M Lo b) = I]’Tf dm(C) Z Z ﬂé; ﬂdum (£6e))

labels assignmenls Tetrahedra €dges
FER veVr on of PIJ 3 1t 3

interal 45 inteqnal

tdges tiangles

Break it down:

Two- regions: 6.D
i 4 vertices in 6
4 vertex in D 1

T T dmee) > dim(e)% dm(D)

CER veVr 6 D




£ (M Lowb) =TT Tf dim(C) Z Z ﬂéJ ﬂdm (2te)

labels assignmenls Tetahedra edaes
on of pli's 1t

e intemal 4 iniernal
tdges tiangles

Z four internal edges

m.n, P, %
labels on
intesnal €dges

\4




£ (M Lowb) =TT Tf dim(C) Z Z ﬂéJ ﬂdm (2te)

labels assignmenls Tetahedra edaes
rCR VGVr on ,f PIJ s t

intermal 5 intecnal

tdges triangles

det _ oL\
6j (1) = evP)= 6} |

tetrahedron

SiX internal triangles Z
>
assignmenis AB.¥,
of pl§'s A & \ 5o
10 interaal

ﬂiznj les




Z,(M,fon,b) =TT ]Tclam(Gr Z Z ﬂé} ndm (4ee))

labels assignmenis Tetrahedra €dges
(R veVr on “3‘,“5 . 3

interal o intecnal

edges tiangles

Recall “gluing sides” for polyqon diagrams :

L JEIEEE

6i(t a ﬁ glue

J’ P____ T  a —

assignmenis Tehahdra “B.Y, /\ \;Eé/ /
ok pli's « /i A / B

1o internal §,0.T 8 7 2 >

manjlcs / w \ ?/ / \ N L




£ (M Lowb) =TT 1'[ dim(C) Z Z ﬂéJ ﬂa.m (Zte)

|
CER veVr labels 2 3;2'“:’ w“,:"“‘“ e‘aes
inteal 4, internal
tdges Hiangles

ndnm(ﬂ(e)) = ﬂ ClIM f(e n CIIM ﬂ(e)

edacs ed €S edges
Iabcl(ed w Iabcl(ed w
6 M,

inner edges mn,p, 4

= dim(m) dim(n) ?
dim(p) dim(g) P



) = T Len

/ . dimlm) dim (n) dim(p)dim(%),

Recall " glue around a vertex " for polygon diagrams :

Z.n‘o( dim (n) % = N |\>m




™ dinlm) din (n) dim(g )
dim (D)

™ Jimlm) dim (n) Aim(g)
dim (D)




" dinlm) dim(g)
dim (D)

mn, «

<— Batlet - Wes tbury
6j for Yoo




B) - s F (L)

<V



TRIANGULATION INDEPENDENCE

moveé

®®$$*

o o-&- %@% %%




E lementary Shellings
J J

1 f‘ &« few O
-\ Componm-fs

&
(—P
m@

FINE NEIGHBORHOODS

generic
+transversal

= [0)]x D




TRIANGULATION INDEPENDENCE

Tdea: Use bistellac moves fo refine 4ianqulations A spiit into chonks thae are al|

&y .

no defect fine nqbd wl
defect disk

Show the [atter have tcianquiation + bistellar invadant stafe sums.

Glue everything back to diff- 1‘n‘amqla1ions while chccmr\j Stafe wm remains dhe same.



