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What are state sums?



STATESUMS Turner-Viro Barret-Westbury

↳Pick a setoflabels/colors I = IR (simple) objects; in category

and weights for the labels WieD:isI dim(i)

2) Define notion of "nice"triangle label e.g. admissible

triples (i.jik) 2.9. use duals for the
~>induces notion of "nice"tetrahedron label S i +j+kc'Z, S reverse orientations

->induces notion of "nice"triangulation label triangle inequalities

↳Define a way to associate a scalar

to nicely labeled tetrahedra (6j-symbol) Jen =K ·End(1) =D
->induces a scalar associated to each

nice triangulation labeling. **6j/8.weightDe
↑

call this a state



Turner-Viro Barret-Westbury

*Require the 6j-symbols to satisfy axioms Certains choices with Choices work ifcategory

thatmake them independent under certain moves a binomials & roots is spherical, fusion, etc.

& triangulation changes. ofunity work!

Remark Basically all the work comes from finding examples thatwork & checking that they do work.

↳Obtain state sum by

sumining over all possible states z(M) = pormog9] Ees *6;(***8.weighted
(i.e. all possible labelings)

e.g. BW state sum is:

1

z(M) =(dime)#vertices(6j(E).Ltdimlset)



STATE SUM MODELS WITH DEFECT
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Big Idea:Extend labelings to include smaller dim. defectmanifolds.

Label using higher "dimensional"categorical data.

~
------
----- Regionsmean spherical fusion category

6

Dis
Oriented
me object of a 2-catDefect

Area

# Oriented
M
E Defect me -morphism of a 2-cat. Bimod*(8, D)
N Line

module categories
with trace

F
-
2 Defect
⑧
-H Vertex ume -morphism ofa cat.GL



BIMODULETRACES

Sp
Idea:Give Ma trace who pivotality.

6
-

M -N ⑦= [An:Endr(m)-Kymempivotal finite pivotal
fusion semisimple fusion ↑ A

each endomorph gets a number

satisfying:1) cyclicity: traces are symmetric.

#non-degeneracy:For mesimple, want "dim(m)" ==trace (2m) F0.

↳8-compatible:"trace (CPM) =trace (m) trace (c)
"

3 similarly for D
so that dim(cDm) = dim(c) dim(m).

THEOREN Bimod*)6, D) is a pivotal 2-cat.



MEUSBERGER STATE SUM

~
------
----- Regionsmean spherical fusion category

6
Oriented object of

McBimod8(6,D)Defect meDise Area a 2-cat
D

M
# Oriented 1-morphism M=>N a (8,D)-bimod. functor

E Defect meet
N Line ofa 2-cat.

F
-
2 Defect 2-morphism cyclic equiv class of18,D)-bimodule⑧
-H Vertex venex

GL
ofa cat. nottransf. (e.g. F= GH).



Aside: Diagrams
Diagrams
Diagrams
Diagrams
Diagrams



DIAGRAMS
regions

=(bilmodule categs.

*lines are functors

N ⑧ *
-vertices-hat transfs.

2 - category diagrams
e F P MI

-

I a 2-morphismfor Bimod*(6,D) I 5- entire diagram represents

Layer C, D, and Bimod*(6, D) diagrams
Mixed Diagrams C-diagram Bimod(6,D) Mixed diagram
for Bimod*(6,D) diagram

D-diagram

↑ M. ↳ -> ⑭
Reinterpretas Bimod*(2,D) diagram using: ⑧ MC-M

f - 11 fx=
V

c Mc
*-

M



Bimod*(6, D) M
Bordered Diagrams Fr
for Bimodo(8,D) m represents ↑i & F

FM'

Fr

~
represents F

i

P FP Op

H

c

⑧ X

F ⑧ B ↓FB
H P represents... k FKin

x
i

> ⑧
M

↓ Foin

s
P

M *various ways ⑧. P ↓

FLM r=pL0Fr

- " of"spreading atm:⑧
out" all equal

H
8. I ↓GH8

E 9p'y by naturality · GHp'
↓G8 bottom

G q GA
8. it E AM



Polygon Diagrams Th
Dn take

for Bimod*(6,D) t evaluate

↳
trace t

ship

-

In

us

↳,

bordered endomorphism cyclic evaluation
diagram

· Better invariants (e.g. using pivotality to bend strings)
·Doesn't matter where we cut.

· Just a number!



PROJECTIONS & INCLUSIONS

Idea Pick nice bases for Hom(X, simple), Hom) simple, X)
to show how polygon diagrams glue.

notation use x, B,8,... to index the bases

simple
↑

a-th inclusion a-th projection

&
X I simple -A

&

=simple- x
simple

Gluing (Gluing sides) &Glue around a vertex) (Glue a 2-gon8
Identities X

--- F

F
2, dim (m)dim(n) ⑱mEx * n, dim(n) ⑧c ⑧ I

# ⑧
12

X

M xX
- ------ - Nim m => dim(M) a ⑧d

~X
N



Back to state sums



EXAMPLE LINKNOTTED 3-BALL WI DEFECT SPHERE

E Asolid ball w/ a hollow sphere

--- D inside as defect.-------
-

No defect lines or vertices.

M

Assume the sphere is
E
--unknotted, i.e. we can ----- * Of E
-- D

PL Homeo to make the

M M

sphere a tetrahedron.



EXAMPLE LINKNOTTED 3-BALL WI DEFECT SPHERE

--- it
E

one defect area

no defect lines

6 D M =Bimod8(6,D)
no defect vertex

Two regions Defectsurface



EXAMPLE LINKNOTTED 3-BALL WI DEFECT SPHERE

Pick

triangulation ...............
IM,2M,F,D) (m, 2M,F) tetrahedra oftriangulation

Orient
4 4

5
1 VA F

5
1 N

N
F

5 ⑧ ⑧
T -

---------- 3 2
--
- --

-
-

- 3 ---------
~-

T T

1 1



LABELING TRIANGULATIONS

label wh ⑧ label with

simple - simple from
from 6 6 -

M

M ↳

(DEFE- ·
⑧



EXAMPLE LINKNOTTED 3-BALL WI DEFECT SPHERE

from 6

j qA re in N

Th
rl

1
⑧

q* ----
--
--

I T
V

-k
Tg rh i

-I 1k
i
F M from M

194 F
N

⑧ n

--- ---~m



Big Idea: Adding the defect manifolds labeling shouldn't

be too bad if the defect doesn'tintersect

the triangulation anywhere interesting.
label with

HOW TO

Efunctor MEsN

e.g. don'twant label with
8

8

I
8

8

⑧

c =6 defect

I use generic transversal triangulations.

Proposition Any triangulation can be perturbed to a generic
+transversalone.

⑧

·

. . 0

⑧

0

0

⑧ ..
⑧ ⑧



ASSIGNING HOM-SPACES TO TRIANGLES

c, m, n, MENModulo orientations, all triangles

intersecting defectlooklike: Combine the two edges w/ same direction

cDm, n, MEN

Apply functor so objs are insame place
C

T F F(cDm), n

M "The left one" wit to defect normal is domain
N

m in D M
I F
*
N Hom(F(cm),n)

left

right



6j-symbols
<

3

Draw dual graph ~I L

6
"L ~I · ⑧ "L

for edges thatdon't >
⑧ ⑧

6
⑳

touch defect Mo
8.

⑧

⑧

↑
3

3

L L E
< <

-

Curve, orient nicely ~I ⑧
"L ~I ⑧ -

"L
⑧

6 7
L 6& project to defect ⑧

⑳
⑧ E

⑳

⑧ ⑧

8. ⑧ 8. ⑧

⑧I -k
G

> -j #



Label borders:

6 !" ab

M

G
⑱8 -k

P

Mr L
FV -

- L

-j #

Mo -

P

D an M

<
=Hom(m, F(iDq))

M
B P
.

mr FV -
⑱8 -k
G

-j #

M

6j(E) =ev(P)



EXAMPLE LINKNOTTED 3-BALL WI DEFECT SPHERE

q

jy ** re E ↳ r
<

it
I F

I
*

7
↳

~m k rotate,
v

Tg rh i nrmx xp

-I 1k
F M
i

draw dual edges
for edges not Orient

touching defect ~it cure

> Y -:
7 (not needed)

M

projectto
n P

defect
k yg

rotate -
> -i > ⑧ R

94
P n

M



EXAMPLE LINKNOTTED 3-BALL WI DEFECT SPHERE

-........"or"El
BOTTOM

M

"5.
P 98 R n

P n

LEFT
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RIGHT
Copi·7 -
ha nt
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STATE SUM WI DEFECT

I 2zM,lon,b):
dim(6r) Fomio 8j(t) dim(ecen

↑ ↑
N ↑

eeF

q
weight Sum overE 6j weightsall internal

labelings
sum over all choices of
projections +inclusions

for internal triangles

To make itworkwith gluing, change dim(br), dim(ele)) -> Winter),we))
for boundary points + edges.

-

=> Ifor

Wedges
I 2

z(e)

z(M, lan,b) =>

I dim(6r)E(V)
I- 8j(t) dim(ecen
li:lzh Hom(Wi) teTet etE



EXAMPLE LINKNOTTED 3-BALL WI DEFECT SPHERE

I I:8j(t) dim(ece)&'UM, loi, b0:= I T dim(6r) labels assignments Tetrahedra edgesinternal ofp/j's I
to internal

edges triangles

Break it down:

Two regions:6,D

I 4vertices in 6
1I vertexin D

I dim(6r) ⑧ &D

D dim(6)* dim(D)
*

⑧

⑧



I I:8j(t) dim(ece)&'UM, loi, b0:= I T dim(6r) labels assignments Tetrahedra edgesinternal ofp/j's I
to internal

edges triangles

-
I four internal edges

2 m,n, p, q II
D I

ine, ages
p, q

-qNpr
⑧ n

---------
r
um,



I I:8j(t) dim(ece)&'UM, loi, b0:= I T dim(6r) labels assignments Tetrahedra edgesinternal ofp/j's I
to internal

edges triangles

M

Bill
retranedion

*
s =ex(P)=,

-
I

Ii sixinternal triangles

7 2
I

assignments 2, B,8,ofp/j's
to internal ----------------- 8,5,

triangles

⑧ ⑧

-----------------------



I I:8j(t) dim(ece)&'UM, loi, b0:= I T dim(6r) labels assignments Tetrahedra edgesinternal ofp/j's I
to internal

edges triangles

Recall "gluing sides"for polygon diagrams:

[i 0x8
E

M
m

· "B
P - P ⑨ R n·Ene8(t)=2: a 9

R

· se Zir
son.T

2, B,8, ↑ ↑
8,5, X

⑧

a
so-to internal '

triangles nt h A
M q ⑧ m M 0 m

j I q j



I I:8j(t) dim(ece)&'UM, loi, b0:= I T dim(6r) labels assignments Tetrahedra edgesinternal ofp/j's I
to internal

edges triangles

Idim(e(e))- dim(ele) dim(e(e)
edges edges edges

labelled wi
labelled
wh

M

pull out and use
inedges min, p, q

dim(6) =Zsimpes dim(x)* =dim(m) dim(n) qr

to cancel outthe aimiel 's dim(p) dim(q) P
h

--m---



'.) -dim*s [E'[.spidim(m)dim(n) dim(p)dim()).
Recall "glue around a vertex "for polygon diagrams:

F
⑧X - N M mn, dim(n)
#

1

12
,

m

R
* I: Ii P ·

B

~dim(n)dim(p)dim()

Mr CIB care dim()

h A
M 0 m

I q j



n

B B

ak gek*188
i 7

8
p

⑧
=[Im in

m dim(m) dim (n) dim())↳
-h

min,q B,8
I ⑧

·

y dim()

q

n

B B

ak gek*188
i 7

8
p

⑧
=[Im in

m dim(m) dim (n) dim())↳
-h

min,q B,8
I ⑧

·

y dim()

q



⑱
&
18

i
Mo I -i

- Ii q
R =1

-

-k

·
A m dim(m) dim()

m,q,8 · dim()
hx

Recall"gluing a 2-gon":

I' a xX

·

dim(m)dim(n)
n
= dim(M) A ⑧d

~X

min, X

inn
dim(M) i

-i
->

dim(B) I Mor I ·
A

6jfor↓*
- Barret-Westbury



E') -n) - dz) al



TRIANGULATION INDEPENDENCE

"*** ***
2-5 move

··



Elementary shellings
n
=3 ......-

↑q a new 2
-X components

n
=3

↳
FINE NEIGHBORHOODS generic

transversat

=[0,1] xD



TRIANGULATION INDEPENDENCE

Idea:Use bistellar moves to refine triangulations & splitinto chunks thatare all

or
no defect fine ngbd wI

defect disk

Show the latter have triangulation + bistellar invariant state sums.

Glue everything back to diff. triangulations while checking state sum remains the same.


